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Abstract 
Surface forces in boundary layers or thin films of classic molecular systems should be considered when describing different 
physical-chemical phenomena (adsorption, wetting). In this case a molecular system has axial symmetry. We obtained the 
solution for two-particle distribution function at low densities. It is shown that the solution describes the transition from axial to 
spherical symmetry while each particle goes to infinity 
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1. Introduction 
We should take into account surface forces boundary layers and thin films of classic molecular systems when 
describing phenomena (adsorption, wetting) in near-surface layers. In such cases a molecular system has axial 
symmetry, so we may apply a model of a liquid near a hard surface. 
Other cases for such a model are phases contact for liquid-steam, liquid-crystal, where there is big difference 
between concentration of contacting phases. These cases well fit the model of a liquid near hard surface. When far 
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from the surface contact, a molecular system is heterogeneous and isotropic and that’s why we should take into 
account the boundary condition for transition from axial to spherical symmetry. Moreover, properties of the system 
are described by pair molecular correlations, decreasing with the distance between particles as interaction potential 
U(r), usually r-6. 
In quantum systems the situation is more complex, where pair molecular correlations exist even in ideal gas 
systems, and interaction potential U(r) decreases as r-4. In case, when the size of the system is much more than 
correlation length l0, details of molecular interaction are incidental. That’s why we should carry out renormalization 
of potential in Fermi-liquid theory, if l0 is comparable with the size of the system (thin films, liquid nanodrops). 
In this paper we will focus on description of classic molecular systems by model of a liquid near a hard surface. 
2. Common equations 
Statistics considering molecular system is based on Born-Green-Yvon-equations system (also known as BGY 
hierarchy) for l-particle functions  , , , ,l i l iG }  }r r  for ensemble of identical particles. These particles interact 
with each other through potential  ij ijr) , where ijr  i jr r  is the distance between particles i and j centers. 
The diameter of each particle is σ. The BGY-equations system may be transformed to equations for one- and two-
particle distribution functions, which may be written as Ornstein-Zernike Martynov (2008), Martynov (1992), 
Apfelbaum et al. (2007): 
   11 2 12 2 lnn G C d aZ  ³   ;                       2 212 12 13 23 3h C n C h d  ³  (1) 
Here we integrating on coordinates of i-particle:   id i dr{ , n – density,   11 1exp( )iG kT Z )   one-
particle distribution function, which describes particle position; i)  - potential energy in external field; iZ  - one-
particle thermal potential; a – activity coefficient, which is defined by condition of passing to isotropic system.   1[exp( ) 1]ij ij ijh kT  )  ˟ pair correlation function, which is connected with two particle distribution 
function by expression:  1ij j i ijG G G h  ; ij˟  two-particle thermal potential, which takes into account indirect 
interaction of two particles;  kijC  - direct correlation functions: 
    1 1ij ij ij ij12ij ijC h h MZ Z    ;    2 2ij ij ij     ijC h MZ    (2) 
Functions G1(r1) and G12(r1,r2) are critical ones while they describe internal structure and let us obtain 
thermodynamic parameters of the system. Equations (1) and (2) are difficult to solve because  1ijM  and  2ijM  
contains infinite series of distribution functions. To use the following equations in practice one should approximate 
these series by simple expressions (closures). Thus we can obtain approximated equations for high density systems. 
Most known of them are hyperchain, the Percus-Yevick and Martynov-Sarkisov approximations. 
Isotropic systems, such as spatial liquids when far from surface, are of special interest. In these systems  1 1G {r   and  1 0Z {r . As a result, the first equation of the system (1-2) simplifies to  
   112 12 12   ln a n C r dP    ³ r   (3) 
Second equation may be formed as 
     2 212 12 13 23 3h C n C h d  ³   (4) 
It defines the unknown function    012 12 12 1h G r  . The structure and thermodynamic parameters evaluates by 
two-particle distribution function    012 12G r , which depends on density 3 1n NVV  . 
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Space-heterogeneous systems (such as a liquid near a hard surface) are described by one- and two-particle 
distribution functions: G1(r1) and G12(r1,r2). Boundary condition for these equations is a transition from a hard 
surface to a liquid. 
3. Singlet approximation 
Equations (1-2) are very hard for direct solution. In order to simplify this problem we may substitute function 
G12(r1,r2) by its boundary value 
   012 12G r  for spatial liquid. We call such substitution as singlet approximation. As 
a result we obtain the equation for one-particle distribution function G1(r1), which describes local density profile 
n(r1)=nG1(r1) near a hard surface. Numerical solution for this equation is written by Tikhonov et al. (1999). 
We cannot estimate the precision of singlet approximation because of neglecting the close order change near 
surface. The possible approach to estimate the precision is to compare the result of calculation with the result of 
numerical modeling (numeric experiment). In the following work we increase the precision of a singlet 
approximation by taking into account the close order change near surface for functions G1(r1) and G12(r1,r2). 
Let’s form the equations for molecular system near hard surface. Computing origin is located in the center of the 
particle, which contacts with hard surface. The Z axis is perpendicular to the surface, thus the whole liquid is placed 
in upper half-space ( 0z t ). Bottom half-space ( 0z  ) is unavailable for the particles (Fig. 1). Such a system has 
axial symmetry,  
          1 1 1 1 1 1 12 1 2 12 1 2 12exp     , , ,G G z z G G z z rZ   r r r  (5) 
where r12 is measured in particle diameter units, 0iz t  – particle distance from the surface. Boundary conditions 
for G1(r1) and G12 (r1,r2) are defined as follows 
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System (1-2) with a singlet approximation takes the form 
   1,01 2 12 2 lnn G C d aZ  ³    (7) 
         0 2,0 2,0 012 12 13 23 3h C n C h d  ³   (8) 
One-particle potential may be obtained from equation (7), where direct correlation function    1,012 12  C r and pair 
correlation function  012h  are considered to be known. 
4. Going beyond singlet approximation 
Close order in a molecular system changes even at low densities. Let’s take, for example of rarefied gas. Thermal 
potential is obtained through series expansion by powers of density. At the first order we get: 
           1 11 1 1 1 12 1 2 12 1 2,   , ,z n z nZ Z Z Z  r r r r  (9) 
Substituting (9) into (7, 8) we obtain expression for factoring coefficients 
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1 11 12 2  f dZ P ³     (10) 
   112 13 23  2  f f dZ  ³    (11) 
Where fij – Mayer’s function. Integrating is carried out through the whole upper half-space. Constants μ(i) are derived 
from border condition at infinity. Interaction between particles, and between particles and hard surface is set through 
hard-sphere potential. When evaluating the integral (10) we place the origin at the hard surface (Fig. 1). 
Perpendicular for the surface goes through the center of the particle. All upper half-space is reachable for the second 
particle. By integrating in cylindrical system we get: 
       1 31 1 1 1 13 2 13z z z zSZ T       (12) 
 
Fig. 1. Axial symmetry of one-particle distribution function near hard surface 
When integrating (11) origin is placed in the center of particles’ center. We pass a plane (which one is 
perpendicular to hard surface) through the centers of first and second particles (Fig. 2). Intersection field of Mayer’s 
functions (11) is limited by two hemispheres with radii Δ1 and Δ2. When integrating at each quadrant due to 
symmetry of replacing the particles on each other: 
       2 2 2 2 213 23 13 23 13 3 12 3 12 31 1 1 1 ( 2 cos )f f r r r R RT T T T U U -   {       (13) 
where  хT  – Heavyside function. In particular range of integration, specified in Fig. 2 is the following 
 1/2 2 2 23 3 3 3 3 3 12 3 12 3
0 0 0
sin  1 ( 2 cos )d d d R R
TS S
M - - U U T U U -  ³ ³ ³   (14) 
Doing integration by whole lower half-sphere (taking into account boundary condition at infinity (6)), we get 
    2 2 2 31 12 12 12 12   1 1 R 3R 23 R RS T T'       (15) 
Integration in upper half-sphere may be done the same way. As a result we obtain 
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1 2 2 2 2 (1)12 1 12 12 12 1221 1 1 12 R R RZ T T Z  '   '    (16) 
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where z1, z2 - distance from the particles to the surface, 12M  – radius-vector angle to the z-axis,  хT  – the 
Heavyside function. We need to stress that 
   (1) 312 12 12 122            3 23R R RSZ      (18) 
 
Fig. 2. Axial symmetry of two-particle distribution function near hard surface 
Is two-particle distribution function of volume liquid when far from the surface. When 1 2,z z  goes to infinity    11 1zZ  converges to zero, and  112Z  to volume value of 212 12(1)12 (1 )( )R RTZ   . Thus, the solution obtained 
describes transition from axial to spherical symmetry while each particle goes to infinity. 
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